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This paper presents recent progress in the knowledge concerning the stochastic theory of bio- hydrodynamic
lubrication with a phospholipids bilayer. On the basis of experimental measurements and analytical solutions,
the research concerns the determination of the random expectancy values of load carrying capacity, the
friction coefficient, and synovial fluid dynamic variations. After numerous measurements, it directly follows
that the random density function of the gap height in the human joint usually indicates a disorderly increases
and decreases in the height. Such irregular gap height variations have an important influence on the random
synovial bio-fluid dynamic viscosity. This finally leads to the friction coefficient and cartilage wear changes
of cooperating bio- surfaces. The main topic of this paper relates to the expectancy values of the tribology
parameters localized inside the variable stochastic standard deviation intervals of the human joint gap height.
The results obtained finally indicate the influence of the random roughness and growth of living biological
cartilage surfaces on the expectancy values of the synovial fluid dynamic viscosity, load carrying capacity
and friction forces in human hip joints.

staw biodrowy cztowieka, losowa sitano$na, sily tarcia, losowa lepko$¢ dynamiczna biocieczy, zmiany wartosci
oczekiwanych, dwuwarstwa fosfolipidow, losowe rozwiazania analityczne, pomiary eksperymentalne.

Niniejsza praca przedstawia ostatnie osiagniecia wiedzy w zakresie losowej teorii biohydrodynamiczne-
go smarowania z udziatem fosfolipidéw. Badania dotycza losowych wartosci oczekiwanych dla nosnosci,
wspotczynnikow tarcia, zmian lepkosci dynamicznej cieczy synowialnej, przeprowadzone na podstawie po-
miaréw doswiadczalnych i obliczen analitycznych. Z przeprowadzonych pomiaréw doswiadczalnych wynika,
ze losowa funkcja gestosci wysokosci szczeliny w stawach cztowieka wykazuje zazwyczaj nieprzewidywal-
ne zmiany wysokosci szczeliny. Takie nieregularne zmiany maja istotny wptyw na wartos¢ lepkosci cieczy
biologicznej. Dlatego zmienia si¢ wspotczynnik tarcia oraz zuzycie biopowierzchni. Glownym celem pracy
jest wyznaczenie losowej wartoéci oczekiwanej parametréw tribologicznych umiejscowionych wewnatrz
zmiennego losowego przedziatu odchylenia standardowego wysokosci szczeliny stawu cztowieka. Koncowe
rezultaty uzyskane w pracy wykazuja wplyw losowych chropowatosci oraz wzrostu zywych powierzchni
chrzastki stawowej na losowe wartosci oczekiwane lepkosci dynamicznej cieczy synowialnej, no$nosci, sity
tarcia w stawie biodrowym cztowieka.
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INTRODUCTION

The results of the latest numerous bio-tribology
studies, carried out by means of an Atomic Force
Microscope (AFM), have demonstrated that the
PL (phospholipid) layer and random gap height
variations fairly significantly control the course of
the hydrodynamic lubrication of surfaces flown-
around by biological fluids [L. 1-2].

During the synovial fluid flow in the human
hip joint gap, the cartilage superficial layer and
the movable PL bilayer alters the gap height of the
spherical human hip joint [L. 3-5].

On the grounds of the latest numerous
measurements performed by the AFM, it follows
that the total gap height & possesses random
increments or decrements in comparison to the
height of the nominal mean value [L. 6].

The random gap height changes +6, can be
caused indirectly by the following: random micro
translations of cartilage and PL bilayer surfaces,
non-continuous random loading and hydrodynamic
pressure distribution p on the hip joint surfaces,
various shapes of velocity distributions in the gap
height direction of bio-fluid flow in the longitudinal
direction of the gap, and stochastic changes in
roughness geometry, or random and body growth
of living cartilage cells (see Fig. 1a, b, ¢, d)
[L.7,8,9].

Analytical calculations and experimental
measurements indicate [L. 10, 11] that the random
positive and negative changes in the joint gap
height +6, have a direct and indirect impact on
the stochastic synovial fluid dynamic viscosity
presented in Figs. 1a, b, ¢, d. The direct influences
are visible in analytical solutions presenting the

Fig. 1. a,b,c,d: illustration of direct influences of hydrodynamic pressure distributions p and cartilage surface translations
on the synovial fluid velocity component distribution v, in circumferential a,= ¢ and longitudinal «,= 8, direction
across the film thickness and an implication of these effects on the indirect impact of random joint gap height
changes &, associated with variations in dynamic viscosity distributions in the gap height direction a,= r between
two cartilage surfaces in the spherical hip joint gap. We denote: PL — Phospholipid, PS — Phosphatidylcholine,

PS — Phosphatidylserine

Rys. 1. a, b, c, d: ilustracja bezposrednich wptywow rozkladu hydrodynamicznego cis$nienia p oraz przemieszczen chrzastki na
sktadowg rozktadu predkosci cieczy synowialnej v, w obwodowym o, = ¢ oraz potudnikowym o, = 9, kierunku w po-
przek grubosci filmu wraz z implikacja tych efektow na posredni wptyw zmian losowej wysokosci szczeliny &, powigza-
nej ze zmianami rozktadu lepkosci dynamicznej 1 biocieczy w kierunku wysokosci szczeliny o, = r pomigdzy dwiema

powierzchniami sferycznymi stawu biodrowego
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load carrying capacity and the fiction coefficient
dependent on the gap height [L. 12, 13]. It is
evident that the indirect influences of the random
gap height variations on the load carrying capacity
are also provoked by stochastic changes in synovial
fluid dynamic viscosity [L. 14, 15].

The random increments (decrements) of the gap
height imply decreases (increases) of the average
velocity of synovial fluid in the joint gap, i.e. the
share rate decreases (increases), respectively. Hence,
for non-Newtonian fluid, it follows that the viscosity
of synovial fluid increases (decreases). Finally,
the load carrying capacity and friction coefficient
depend strongly on synovial fluid viscosity.

The measurements presented in Figs. 1a, b,
¢, d are performed for the dimensional gap height
&(,4,)=0.02 mm limited by the nominally smooth
biological movable surfaces. Calculation results
are obtained for hydrogen ions concentration p,, =
7.5, for two kinds of lipids denoted by PC and PS,
for the temperature of 310 K, cartilage wettability
We = 60°, for non-Newtonian synovial fluid with
nano lipid particles and collagen fibres concentration
described by index v 6, = 6.0 m/s, isoelectric point
IP (We = 68°, synovial fluid dynamic viscosity
n =0.58 Pas) [L. 16].

Figure la presents the case of an area where
hydrodynamic pressure p is growing and the upper
bio-surface that limits the gap is movable in the
pressure growth direction. The lower surface is
stationary. The velocities produced by the surface
movement are smaller than the velocities generated
by pressure p, whereas both velocities subtract
mutually.

Figure 1b presents the case of an area where
hydrodynamic pressure p is decreasing and the
upper bio-surface that limits the gap is movable in
the direction of the pressure decrease. The lower
surface is stationary. Both velocities related to the
pressure and the surface movement add mutually.

Figure 1c presents the case of an area where
hydrodynamic pressure p is growing and the
upper bio-surface that limits the gap is movable in
the direction of the pressure increase. The lower
surface is stationary. The velocities produced by the
surface movement are greater than the velocities
produced by pressure p, whereas both velocities
subtract mutually.

Figure 1d presents the case of an area where
hydrodynamic pressure p is decreasing and both
bio-surfaces: the upper one and the lower one that
limit the gap are motionless. Hence, there is only

one parabolic distribution of the biofluid velocities
produced by pressure p.

Based on the data depicted in Figs. 1a, b,
¢, d, it can be observed, among others, that the
dynamic viscosity of the bio-fluid depends from
the flow velocity, and dynamic viscosity is strongly
connected with random gap height changes
[L. 4]. The places with the largest (smallest) flow
velocity have the smallest (greatest) values of gap
height changes; therefore, they possess the smallest
(greatest) values of synovial fluid dynamic viscosity.

This paper focuses on direct and indirect
influences of random gap height variations on the
expected stochastic value of tribology parameters
localization in the random standard interval of gap
height variations between two cooperating cartilage
spherical biological surfaces with a phospholipid
bilayer in the human hip joint.

EXPECTED RANDOM GAP HEIGHT
CONSTITUTION

The illustrations that describe the hip joint bonehead
are elaborated in spherical coordinates: (al, a, a3)
= (p,19), where a, = ¢ — circumferential direction,
a, = r — radial direction, and a, = 4 — longitudinal
direction of the sphere. The geometry of the human
spherical hip joint and the PL bilayer sheet are
presented in Figs. 2a, b [L. 17, 4].

Lubrication region € is defined by the
following inequalities: 0< ¢ <z; TR/8<I<aR/2, I =
4 R, whereas R denotes the radius of the bonehead.
The gap height in the hip joint between two nominal
smooth spherical cartilage surfaces and deformed
by the stochastic variations can be presented in the
following dimensional form [L. 5, 18]:

ex(0.9,,0) = e(9.8) [1+9,(0.9)]=¢ e, (0.9,)
[1+0,(0.9)]. (1)

The dimensional symbol &(¢,9.,0) [m]
describes the total gap height. Symbol e (¢.9))
denotes the dimensionless gap height limited
by the nominally smooth biological movable
surfaces, ¢, is the characteristic dimensional value
of gap height. The expected value of the arbitrary
random variable correction J, and the expected
dimensionless function of the total gap height is
defined by the following expressions [L. 4, 18]:

EXG)= [@)x f@)ds, (@
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Fig. 2.

Human hip joint gap height for random deformable cartilage surface: a) joint gap between hip bone head and

sleeve (acetabulum), b) phospholipid (PL) bilayer sheet on internal sleeve surface
Rys. 2. Wysokos¢ szczeliny stawu biodrowego dla losowo odksztatcalnej powierzchni chrzastki stawowej: a) szczelina stawu
pomiedzy glowa stawu biodra i panewka, b) warstwa fosfolipidow na wewnetrznej powierzchni panewki

EX(e7,) = EX[ey,, (140, )] =¢y,, [1+ EX (9) ] =¢y,, {1 + +f(al) X f(él)dél}.

We denote: EX — expected operator, f —
probability density function obtained from the
measurements. Function f assigns probability P for
variable random correction J,. Standard deviation
o, for random variable correction accepts the
following known form [L. 5, 18]:

o =\EX(3) - ExX*(5). (3)

The ordinate values of the probability density
function f are the probabilities assigned to the
positive or negative gap height correction values
o, in individual points on the joint gap height, and
these are caused, among others, by the influences of
cartilage transactions, pressure, and synovial fluid
velocity distributions that are presented in Fig. 1a,
b, ¢, d.

OUTLINE OF THEORETICAL AND
NUMERICAL RESEARCH

The lubrication problem is described by the
following equations: equilibrium of momentum
equations, a continuity equation, an energy
equation and a Young-Kelvin Laplace equation

(2b)

[L. 4, 19]. We take into account the following
expected random functions [L. 20]: hydrodynamic
pressure EXp(p, 9), temperature EXT(p, r, 9),
synovial fluid velocity components EXv(p, 7, §)
for i = ¢, r, 9, the random dynamic viscosity
of synovial fluid EXnT(go, r, $), and random
joint gap height EXsT(go, 9) [L. 20, 21]. In these
considerations, synovial fluid density variations are
neglected, i.e. incompressible liquid is considered.
In the aforementioned equations the known
dependence was used between interfacial energy
y and the exponent of hydrogen ion concentration
p and cartilage surface wettability We
[E. 22]. The influences of electrostatic field on the
viscosity of synovial fluid are taken into account
[L.23]. We apply boundary layer simplifications
in the abovementioned system of hydrodynamic
equations, i.e. we neglect the terms of the order
of radial clearance equal to value 10~ After
calculations and term ordering, we determine the
system of hydrodynamic lubrication equations for
the phospholipid bilayer in a stochastic form [L. 5]
and the expected random solutions: hydrodynamic
pressure, temperature and three synovial fluid
components [L. 4].

An outline of half-analytical as well
as numerical solutions of the system of the
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aforementioned hydrodynamic equations mainly
concerns stochastic and non-stochastic (excluding
operator EX) non-linear partial differential integral
hydrodynamic equations for two spherical surfaces
[L. 5]. In a particular case, numerical calculations
are elaborated for the equation determining two-
dimensional hydrodynamic pressure p as well
as an equation that describes three-dimensional
temperature distribution T. These equations are
always mutually coupled through the three-
dimensional dynamic viscosity function 7 variable
in the direction of the gap height and dependent on
temperature [L. 5]. The results of the calculations
are applied in the problem presented in this paper.

BRIEF DESCRIPTION
OF MEASUREMENTS

Using AFM, we have measured the real probability
density function f of random gap height change for
spherical hip joint, for spherical cartilage surfaces
occurring in human hip joint see Appendix 1. We
have considered the expected values m of gap
height and standard deviations o, to apply in this
paper concrete estimation intervals of analytical
bio-tribology parameters for considered surface.
Experimental measurement [L. 4] and [L. 5] of
mentioned joints gap height with radial clearance ¢
from 2 to 10pum have proved that the dimensionless
random variable of corrections for gap height,
marked with the symbol §,, is most often manifested
by two characteristic types of probability density
functions [L. 4-5]. These are symmetrical and
anti-symmetrical functions. Symmetrical density
functions f_ of correction parameters for spherical
hip joint surfaces occur much less frequently than
anti-symmetrical functions (about 12 times in 100
measurements with a probability of P, = 0.12).
They are characterized by a symmetric distribution
of random probability changes in term of gap height
increases and decreases. In this case, probabilities
of random increases in joint height gap are equal to
the probabilities of random decreases [L. 5].
Among the frequently occurring
unsymmetrical correction parameter, the density
functions describing random increases and
decreases in gap height, we generally have two
types of functions. The first type concerns function
f, where the probabilities of random gap height
increases dominate over the probabilities of
random gap height decreases [L. 4-5]. The second
type concerns function f , where the probabilities

of random gap height decreases dominate over
the probabilities of random gap height increases.
Both functions f, f are considered for gap height
restricted between human hip joint surfaces. There
are two cases for anti-symmetrical probability
density distribution functions f, and each one of
them occur 22 times in 100 measurements with
probability P = 0,22. For the next two cases for
anti-symmetrical probability density distribution
functions f , each one of them occur 22 times in
100 measurements with probability P, = 0.22. The
measurement multiplicity, equal to 12+2x22+2x22
= 100, creates a probabilistic complete system of
events [L. 4-5, 18].

For the symmetrical function shown in Fig. Al,
expected value m; = 0 for the random variable
of gap height corrections was determined from
Formula (2). The standard deviation determined
from Formula (3) produces the following value:
o, = 0.4082. The standard deviation interval was
superimposed onto Fig. Al on upper horizontal
axis 0,. In this interval, due to random changes for
the measurements conducted, the random expected
value of increases and decreases in the gap height
may change its location. The changes are assigned
a change value of the entire gap, which is read from
lower horizontal axis 1+4 , where the dimensionless
gap height that is equal to 1 is assigned to value
correction , = 0 on the upper horizontal axis. Thus,
the standard deviation interval and the expected
function values of the dimensional height of the
entire gap varies in the range of the following
[L.4-5]:

(M~ o, Mto,) = (—0.4082, +0.4082),  (4a)
0.5918%z (5, = 0)<EX(e,)<1.4082x& (5, = 0), (4b)

where gap height e (0 =0)=¢e (0, 3) =&, (0, 3,
6, = 0). The height of the entire gap may decrease
or increase. Such changes in gap height occur with
a probability from P_ = 0.5918 to P_ = 1.0000,
indicated on the vertical axis in Fig. Al.

Figure A2a,b, ¢, d that presents unsymmetrical
functions f, f are shown the following expected
values for the random variable of gap height
corrections for spherical surfaces determined
from Formula (2): m = +0.125; m = +0.250,
m_=-0.250; m = -0.125. The standard deviations
of the random variable of corrections determined
from Formula (3) produce the following values:
o, = 0.3886, g, = 0.3818, ¢ = 0.3818, and o =
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0.3886. The standard deviation intervals of the
random variable of corrections (M —o,, M +o,),
(m —o,, m +o ) were superimposed onto Figs. A2a,
b, ¢, d on axis ¢,. In this interval, due to random
changes, the random expected value of increases
and decreases in the gap height may change its
location. The changes are assigned a change value
of the entire gap, which is read on collinear second
horizontal axis 1+4,. Thus, the standard deviations
intervals and the expected function values of the
dimensional height of the entire gap for spherical
surfaces vary in the following ranges:

(-0.2636, +0.5136); (~0.1918, +0.6318);
(-0.6318,+0.1318); (~0.5136, +0.2636). (5a)

0.7364xs (0, = 0)<EX(e,)< 1.5136x¢.(d, = 0),
0.8682x%¢ (9, = 0)<EX(e,)< 1.6318%¢ (0, = 0),
0.3682x& (0, = 0)<EX(e;)< 1.1318x%¢.(d, = 0), (5b)
0.4864x¢(d, = 0)<EX(e,)< 1.2636x¢(d, = 0).

Changes in the gap height occur successively
with probabilities from P = 0.6046 through P,
= 0.7884, P, = 0.9166 to P, = 1.0000 indicated
on the vertical axis in Figs. A2a ,b, similarly as
with the P probabilities in Figs. A2¢, d. Based
on the conclusions from the studies illustrated in
Figs. A1, A2 a, b, ¢, d, the following final forms of
the expected values of the lower and upper limits
of the standard deviation interval of the gap height
between spherical hip surfaces (h), the value of
the expected function of the spherical (h) joint gap
height, the speed of synovial fluid, and its viscosity
change together with probability: 0.6708 < P <
1.0000 in the following random value intervals are
presented [L. 4-5, 18]:

0.6120 £ (5, = 0) = (1+m'—a") £ (5, = 0)<EX(e,)
<(1+m"+a"e (5, = 0) = 1.3879 £, (5, = 0), (6a)

0.7205 v(d, = 0) = (1+m"+5")"'v(d, = 0) = <EX(V)
<(1+m"—¢")'v(6, = 0) = 1.6339v(, = 0), (6b)

0.61207, (5, = 0) = ( 1+m—g") 5, (5, = 0)<EX(1,)
<(1+m"+6")p, (5, = 0) = 1.3879 5. (5, = 0). (6¢)

RANDOM BIO-TRIBOLOGY PARAMETERS
AND ITS LOCALIZATION

Random load carrying capacity fractions

By virtue of the density function, measurements
described in Appendix, Fig. A2a, b and in
Section 3, after analytical, numerical Mathcad
15 Professional Program calculations for two
kinds of phospholipids PS and PC, the following
results were obtained that present the random load
carrying capacity quotients in Figs. 3a, 3b. The
dimensionless capacity random quotient ¢ depicted
in the vertical axis in Fig. 3a denotes the fraction
of the capacity of random effects (nominator) to the
capacity without random effects (the denominator).

For f — density function (random increments
dominate over decrements), we demonstrate in
Fig. 3a that the quotient ¢ of the dimensionless
load carrying capacity attains a decrement value of
0.558 for PS, PC with probability P = 0.604, and it
attains an increment value 2.393 with probability
P = 0.729 for PS and with probability P = 0,788
for PC, in comparison with dimensionless quotient
¢.= 1, obtained without any random changes for
5, =0.

Inside the standard deviation interval on axis
d,, we find the following expected value: m = 0.25
for the corrected gap height (m +1) - &, = 1.25¢,
where the expected dimensionless capacity quotient
attains an increment of 1.55 with probability P =
0.916 for PC in comparison with capacity quotient
.= 1 ,without any random effects [L.. 24]. We find
the expected value: m, = 0.125 for the corrected
gap height (m+1) - & = 1.125¢, where the
expected dimensionless capacity quotient attains
an increment of 1.34 with probability P = 0.937 for
PS, in comparison with the dimensionless capacity
quotient without any random effects for .= 1 .

For density function f, Fig. 3b demonstrates
that in a radial clearance interval from 2 pm
to 10 m, the dimensionless expected value of
capacity quotient ¢, decreases from 1.55 to 1.50
with constant probability P = 0.916 and constant
expected value of gap height (m +1) & = 1.25¢_for
PC. Moreover, the capacity quotient &= decreases
from 1.34 to 1.31 with constant probability
P = 0.937 and constant expected value of gap
height (m+1) e = 1.125¢, for PS, in comparison
with the dimensionless capacity quotient without
any random effects for £ = 1.
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Fig. 3. Dimensionless random capacity quotient & for spherical surface after random density function f: a) versus
random variable gap height corrections 4, and probability P, inside the standard deviation interval of gap height
with radial clearance 2 pm, b) versus radial clearance from 2 to 10 pm, with constant probability P and constant

expected value of gap height for PC and PS

Rys. 3. Bezwymiarowe ilorazy losowej sity nosnej . dla powierzchni sferycznych oraz losowych gestosci f,: a) jako funkcja
losowo zmiennych korekt wysokosci szczeliny d, i prawdopodobiefistwa P wewnatrz przedziatu odchylenia standardo-
wego wysokosci szczeliny przy luzie promieniowym 2 pm, b) jako funkcja luzu promieniowego od 2 do 10 um, o statym
prawdopodobienstwie P i o statej wartosci oczekiwanej wysokosci szczeliny dla PC oraz PS

Random friction coefficient fractions

By virtue of the density function, measurements
described in Appendix, Figures A2a, b and in
Section 3, once analytical, numerical Mathcad 15
Professional Program calculations for two kinds
of phospholipids PS and PC had been performed,
the following results were obtained presented
the random quotients of friction coefficients in
Figs. 4a, 4b.

The dimensionless friction coefficient random
quotient fﬂ depicted in the vertical axis in Fig. 4a
denotes the fraction of friction coefficient of random
effects (nominator) to the friction coefficient
without any random effects (denominator).

For f,—density function, Fig. 4a demonstrates
that quotient <, of the dimensionless friction
coefficient attains a decrement value of 0.344 for
PS and PC with probability P =0.604, and it attains
an increment value of 2.272 with probability
P = 0.729 for PS and with probability P = 0,788
for PC, in comparison with dimensionless quotient
¢. = 1 obtained without random changes.
Inside the standard deviation interval on axis
6, we find the following expected value:

m, = 0.25 for the corrected gap height (m +1) -
e, = 1.25¢, where the expected dimensionless
friction coefficient quotient attains an increment
of 1.50 with probability P = 0.916 for PC in
comparison with friction coefficient quotient
f; = 1, without random effects. And we find the
following expected value: m, = 0.125 for the
corrected gap height (m,+1) - &, = 1. 125¢,, where
the expected quotient of the friction coefficient
attains an increment of 1.31 with probability
P = 0.937 for PS in comparison with friction
coefficient quotient ¢ = 1 without random effects.

For density function f, Fig. 4b demonstrates
that in a radial clearance interval from 2 pm to 10
um, the dimensionless quotient fﬂ of the expected
value friction coefficient decreases from 1.50
to 1.35 with constant probability P = 0.916 and
constant expected value of gap height (m +1) &,
= 1.25¢, for PC. Moreover, quotient fﬂ decreases
from 1.31 to 1.22 with constant probability
P = 0.937 and the constant expected value of gap
height (m+1) &, = 1.125¢ for PS in comparison
with the dimensionless friction coefficient quotient
without random effects for ff 1.
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Fig. 4. Dimensionless random friction coefficient quotients ¢ for spherical surfaces and random densities f: a) as a
function of random variable gap height corrections é, and probability P inside the standard deviation interval
of the gap height with radial clearance 2 pm, b) as a function of radial clearance from 2 to 10 pm, with constant
probability P and constant expected value of gap height for PC and for PS

Rys. 4. Bezwymiarowe ilorazy losowych wspotczynnikow tarcia gtﬂ dla powierzchni sferycznych oraz losowych gestosei f;:
a) jako funkcja losowo zmiennych korekt wysokosci szczeliny J, i prawdopodobiefistwa P wewnatrz przedziatu odchy-
lenia standardowego wysokos$ci szczeliny przy luzie promieniowym 2 pm; b) jako funkcja luzu promieniowego od 2 do
10 pm, o stalym prawdopodobienstwie P i o statej wartosci oczekiwanej wysokosci szczeliny dla PC oraz dla PS

By virtue of the density function, measurements
described in Appendix, Figures A2 ¢, d, for
density function f (random decrements dominate
over increments), we have for PS the following:

expected value m, = -0.125, and the corrected
value of gap height 0.875¢, . For PC, we have the
expected value m = —0.25, the corrected value of

gap height 0.75¢,. Increases and decreases of the
expected capacity and friction coefficient values
for density functions f and f are similar.

Random fraction of dynamic viscosity

By virtue of the density function, measurements
described in Appendix, Figures A2a, b and
Section 3, once analytical and numerical Mathcad
15 Professional Program calculations for two kinds
of phospholipids PS and PC had been performed,
the following results were obtained presented as
the random variations of synovial fluid dynamic
viscosity in Figs. 5a, 5b.

The dimensionless dynamic viscosity random
quotient &p which is depicted on the vertical axis in
Fig. 5a, denotes the fraction of dynamic viscosity
random effects (a nominator) to the dynamic
viscosity without random effects (a denominator).

For f — density function (random increments
dominate over decrements), Fig. 5a shows that the

quotient ¢ of the dimensionless dynamic viscosity
attains a decrement of 0.612 for PS and PC with
probability P = 0.604, and it attains an increment
of 1.388 with probability P = 0.729 for PS and
with probability P = 0.788 for PC, in comparison
to dimensionless viscosity quotient fn =1, obtained
without random changes. Inside the standard
deviation interval on axis J , we find the following
expected value: m = 0.25 for corrected gap height
(m+1) - & = 1.25¢, where the expected dynamic
viscosity quotient increments attain a value of 1.15
with probability P = 0.916 for PC, in comparison
with dynamic viscosity quotient f” = 1, without
random effects. And we find the following expected
value: m, = 0.125 for corrected gap height (m,+1) -
e, = 1. 125¢,, where the increments of the expected
dynamic viscosity quotient attain a value of 1.09
with probability P = 0.937 for PS, in comparison
with the dynamic viscosity quotient without
random effects for fq =1.

For density function f, Fig. 5b demonstrates
that in the radial clearance interval from 2 pm
to 10 pum, the dimensionless random quotient
¢, of the expected value for bio-fluid dynamic
viscosity increases from 1.15 to 1.19 with constant
probability P =0.916 and a constant expected value
of gap height (m +1) &, = 1.25¢ for PC. Moreover,
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Fig. 5. Dimensionless random dynamic viscosity quotients ¢, for spherical surfaces and random densities f: a) as a function
of random variable gap height corrections 4, and probability P inside the standard deviation interval of gap height
with radial clearance 2 pm, b) as a function of radial clearance from 2 to 10 pm, with constant probability P and
constant expected value of gap height for PC and for PS

Rys. 5. Bezwymiarowe ilorazy losowych warto$ci lepkosci dynamicznej fn biocieczy dla powierzchni sferycznych oraz losowych
gestodei f: a) jako funkcja losowo zmiennych korekt wysokosci szczeliny J, i prawdopodobienstwa P wewnatrz przedzia-
hu odchylenia standardowego wysokosci szczeliny przy luzie promieniowym 2 um, b) jako funkcja luzu promieniowego
od 2 do 10 pm, o statym prawdopodobienstwie P i o statej wartosci oczekiwanej wysokosci szczeliny dla PC oraz dla PS

the random quotient <, increases from 1.09 to 1.13
with constant probability P = 0.937 and constant
expected value of gap height (m,+1) &, = 1.125¢_ for
PS, in comparison with the dimensionless dynamic
viscosity quotient without random effects for

fn =1.
Comparison of random variations

The increase of the absolute values of negative
0, < 0 (positive 3, > 0) gap height corrections
6, implies probability P decrements of random
quotient ¢, g”“, fn (see the horizontal axis in
Figs. 3a, 4a, 5a, respectively).

The negative (positive) values of gap height
corrections 6, on the left (right) side on the horizontal
axis in Figs. 3a, 4a, 5a denote random decrements
(increments) of the gap height, respectively.

On the horizontal axis in Figs. 3a, 4a, 5a for
gap height density function f, the dimensional
standard deviation interval of the gap height is
depicted in the form: (1+m,—g, < 1+m_+0)) ¢, i.e.
(0.7364 ,1.5136) - &, for PS with standard deviation
o, = 0.3880, and (1+m —o, < 1+m +0) ¢, ie.
(0.8614,1.6386) - & for PC, with standard deviation
o, = 0.3818. For gap height density function f , the
abovementioned standard deviation interval of the

gap height are as follows: (0.4932 < 1.2568) - &,
for PS, and (0.3682 < 1.1318) - ¢, for PC.

The probabilities of the decrements of
dimensionless quotients ¢&., fu, fn, of the capacity,
the friction coefficient and the dynamic viscosity
variation presented in Figs. 3a, 4a, 5a are relatively
smaller than the probabilities of the increments of
the aforementioned quotients.

On the horizontal axis in Figs. 3b, 4b, Sb
dimensional radial clearances ¢, are depicted from
2 to 10 micrometres for the spherical surface of the
human hip joint. It is evident that the quotient of the
expected capacity and friction coefficient decrease
for radial clearance increments (see Figs. 3b, 4b).
However, Fig. 5b shows an increase of the quotient
of the expected dynamic viscosity value versus
radial clearance increments (see Fig. 5b). This fact
can be explained by virtue of the fluid mechanics
law. The radial clearance increments imply the
decrements of the velocity and the shear rate of
the non-Newtonian bio-fluid flow in the gap of the
human hip joint. On the grounds of non-Newtonian
pseudo-plastic synovial fluid flows, it may be
concluded that shear rate decrements during the
flow imply dynamic viscosity increments. This fact
completes this phenomenon.
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CONCLUSIONS

Stochastic and expected values of the synovial fluid
dynamic viscosity in the human hip joint, ones that
occur in standard deviation regions of the random
values of gap height, increase ca. from 9 to 12
per cent for PS and from 15 to 19 per cent for PC
additions versus radial clearance increments from 2
to 10 micrometres in comparison with the dynamic
viscosity quotient without random effects.

The expected random values of the load
carrying capacity in the human hip joint that occur
in standard deviation regions of the gap height
decrease from 34 to 31 per cent for PS-and from
55 to 50 per cent for PC additions, versus radial
clearance increments from 2 to 10 micrometres, in
comparison with the dynamic viscosity quotient
without random effects.

The expected random values of the friction
coefficient in the human hip joint that occur in
standard deviation regions of the gap height
decrease about from ca. 31 to 22 per cent for PS-and
from 50 to 3 per cent for PC additions, versus radial
clearance increments from 2 to 10 micrometres, in
comparison with the dynamic viscosity quotient
without random effects.

Random expected values of synovial fluid
dynamic viscosity, the load carrying capacity
and the friction coefficient in the human hip joint
localize in a standard deviation interval of the gap
height from 0.875¢. to 1.125¢. with probability
P =0.937 for PS and from 0.75¢_ to 1.255¢, with
probability P=0.916 for PC.

DISCUSSION

The presented paper describes the flow of synovial
fluid with non-Newtonian properties in a biological
gap between two isotonic, curvilinear, rotational
spherical surfaces with PL bilayer, susceptible to
deformations caused by, among others, random
changes, roughness geometry, stochastic loading
of the surface, as well as genetic and volumetric
growth of living articular tissue. The concept of
iso-osmosis or isotonic flow defines layers of
biological cartilage surfaces with PL remaining in
osmotic balance with respect to each other. Isotonic,
impermeable biological membranes include,
among others, a lipid bilayer, which eliminate flow
across the layer. The exception may be nanometre
channels transporting certain types of liquid [L. 4].

The present work demonstrates the influence
of the physical properties of articular tissue with
a phospholipid bilayer and a random gap height
on the viscosity of synovial fluid in the area of
the boundary layer of the surface flowed around.
According to the author, the influence of the
physical properties of flowed around biological
surfaces on the viscosity of the fluid in the boundary
layer will even be more visible in lamellar flows,
where the gap height reaches a value of ca. 2-3 nm,
i.e. the order of the thickness of the PL membrane.
In accordance with the author’s suggestion, the
aforementioned random variations of the gap
height and its influences on velocity and viscosity
changes will be measurable and comparable if we
are going to apply machine vision systems with
image analysis [L. 25].

The research enables the determination of
the standard deviation intervals of the gap height,
including the localization of the expected values
of tribology parameters. The aforementioned
localization depends on the probability of
random values for bio-fluid dynamic viscosity,
hydrodynamic pressure, frictional forces, and the
coefficients of friction. Based on the experimental
study of random gap height corrections of
cooperating spherical cartilage surfaces and the
random density function, we obtain large or small
intervals of estimations for the expected values of
the abovementioned bio-tribology parameters. For
example, a small interval of changes in expected
values, seemingly favourable, but with low
probabilities of occurrence, is much less useful than
a large interval of changes in the expected values of
a given parameter with high and low probabilities
of occurrence, enabling an assignment of the
expected value to the highest possible probabilities
of occurrence.

APPENDIX

After the completion of AFM measurements,
the symmetrical of density function f_for spherical
surfaces (h) is shown in Fig. Al.

The two types of unsymmetrical correction
parameter density functions that describe random
increases and decreases in the gap height for
spherical surfaces are presented in Figs. A2a, b and
in Figs. A2c¢, d.
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Fig. AL

Rys. Al.

Fig. A2.

Rys. A2.

The expected value m_and standard deviation ¢, of the hip gap height depicted on the symmetrical probability
density function f, with a vertical axis of probability P, where the upper horizontal axis gives dimensionless values
of the random variable of corrections o, of increases and decreases in joint gap height, the lower horizontal axis
indicates the dimensionless height of the entire gap 1+4, (Figures elaborated after Authors own measurements
and studies)

Warto$¢ oczekiwana m_ oraz odchylenie standardowe o, dla wysoko$ci szczeliny pokazane na symetrycznym rozktadzie
funkcji gestosci prawdopodobienstwa f, z osig pionowa dla rzgdnych prawdopodobienstwa P, z gérng osig pozioma
o bezwymiarowych wartoSciach wzrostow i spadkéw zmiennych losowo korekt J, wysokosci szczeliny oraz z dolng
pozioma osig skalujacg bezwymiarowe wartosci catej wysokosci szczeliny 1+4, (rysunek wykonany na podstawie wia-
snych pomiaréw i badan autorow)

The expected values m, m_and standard deviations ,, 6, of the hip gap height depicted on the anti-symmetrical
probability density functions: a), b) f for dominance of random increases over decreases of joint gap height,
¢), d) f_ for dominance of random decreases over random increases of joint gap height; where the vertical axis
indicates probabilities P, the upper horizontal axis gives dimensionless values of the random variable of increase
and decrease corrections of joint gap height J,, the lower horizontal axis indicates the heights of the entire gap
1+0, (Figures elaborated after Authors own studies)

Warto$ci oczekiwane m, m_oraz odchylenia standardowe o,, o, dla wysokoSci szczeliny pokazane na symetrycznych
rozktadach funkcji gestosci prawdopodobienstwa: a), b) f,, gdy losowe wzrosty wysokosci szczeliny dominujg nad
ubytkami, ¢), d) f , gdy losowe ubytki wysokosci szczeliny dominujg nad wzrostami: w obu przypadkach z osig pionowg
dla rzgdnych prawdopodobienstwa P, z gérna osig pozioma o bezwymiarowych warto$ciach wzrostow i spadkow zmien-
nych losowo korekt §, wysokosci szczeliny oraz z dolng pozioma osig skalujgcg bezwymiarowe wartosci catej wysokosci
szczeliny 1+6, (rysunek wykonany na podstawie wlasnych pomiaréw i badan autorow)
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